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2
$G=Sp(2, R)$ socle filtration
(1) Translation principle
(2) $(\mathfrak{g}, K)$ - $K$-
(3)
(4) $K$-








(5) $:\mathfrak{g}$ $K$- shift
3 $Sp(2, R)$
$(\mathfrak{g}, K)$ - Langlands
$G=Sp(2, R)$ $G$
$G$ Lie $G$ Cartan $\theta$ $K=G^{\theta}$
$\theta$-stable Cartan $H=TA$
$(T=H\cap K)$ $L:=Z_{G}(A)$ Langlands $L=MA$
$T$ $M$ Cartan
$\hat{H}$ $H$ $\mathfrak{h}^{*}$ $H$ Lie $\mathfrak{h}$
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1 $\gamma=(\Gamma,\overline{\gamma})(\Gamma\in\hat{H}, \overline{\gamma}\in \mathfrak{h}^{*})$ (i), (ii) $H$
regular :
(i) $\alpha\in\triangle(m,t)$ $\langle\alpha,\overline{\gamma}\rangle$ $0$
$\triangle^{+}(m, t)=\{\alpha\in\Delta(\mathfrak{m}, t)|\langle\alpha, \overline{\gamma}\rangle>0\}$ $\rho_{m}=\rho(\Delta^{+}(m, t)),$ $\rho_{m\cap t}=$
$\rho(\triangle^{+}(m\cap e, t))$
(ii) $\Gamma$ $d\Gamma$ -$\gamma+\rho$m–2$\rho \mathfrak{m}\cap$t
(1) $M$ $\sigma$ $\sigma$ $K$- $\Gamma$
(2) $v:=\overline{\gamma}|_{\mathfrak{a}}$
$G$ $P=MAN,$ $P^{-}=MAN^{-}$ $N,$ $N^{-}$ $v$
$\pi(\gamma),$ $\pi^{-}(\gamma)$ $Ind_{p}^{G}(\sigma\otimes e^{\nu+\rho})$ ,
$Ind_{p-}^{G}(\sigma\otimes e^{\nu+\rho})$ $(\mathfrak{g}, K)$- 1.
$A( \gamma):\pi(\gamma)arrow\pi^{-}(\gamma) , A(\gamma)f(g):=\int_{N^{-}}f(gn)dn$
intertwining $0$ $,$ $\overline{\gamma}$
nonsingular $\pi^{-}(\gamma)$
Langlands $\pi(\gamma)$ Langlands $\overline{\pi}(\gamma)$
A
$\hat{H}_{\Lambda}’:=\{\gamma=(\Gamma,\overline{\gamma})|\gamma$ $H$ regular $\chi_{\overline{\gamma}}=\chi_{\Lambda}\}$
2 (Langlands ) $\Lambda$ nonsingular
(1) $\Lambda$ admissible $(\mathfrak{g}, K)$- $\pi$
Cartan $H$ $\gamma\in\hat{H}_{\Lambda}’$ $\pi\simeq\overline{\pi}(\gamma)$
(2) $\overline{\pi}(\gamma_{1})\simeq\overline{\pi}(\gamma_{2}),$ $\gamma_{i}\in(\hat{H_{i}})_{\Lambda}’$ $(H_{1}, \gamma_{1})$ $K$ $(H_{2}, \gamma_{2})$








$G=Sp(2, R)$ $(\mathfrak{g}, K)$ - Langlands
Cartan
$G=Sp(2, R)$ $tgJ_{n}g=J_{n},$ $J_{n}:=(\begin{array}{ll}O -I_{n}I_{n} O\end{array})$ ( $I_{n}$ $n$ )
(1) Split Cartan $H_{split}.$
$G=Sp(2, R)$ $G$ split Car-
$\tan$ $H_{split}$ $T\simeq Z/2Z\cross Z/2Z,$
$W(G, H_{split})\simeq W(\mathfrak{g}, \mathfrak{h})$ nonsingular
4
(2) ‘’ Siegel” Cartan $H_{Sie}$
$t_{Sie};=C(1 -1 1 -1)$ $\mathfrak{a}_{Sie};=c(I_{2} -I_{2}),$ $\mathfrak{h}_{Sie};=f_{Sie}\oplus \mathfrak{a}_{Sie},$
$H_{Sie};=Z_{G}$ ( $\mathfrak{h}$ Sie) $H_{Sie}$ $G$ Cartan
$H_{Sie}$ $W(G, H_{Sie})\simeq \mathfrak{S}_{2}\cross \mathfrak{S}_{2}$ nonsingular
2
Siegel $M$ $SL^{\pm}(2, R)$
(3) ‘’ Jacobi” Cartan $H_{J}$
$t_{J}:=C(1 -1),$ $\mathfrak{a}_{J}:=C(1 -1),$ $\mathfrak{h}_{J}:=t_{J}\oplus \mathfrak{a}_{J},$ $H_{J}:=Z_{G}(\mathfrak{h}_{J})$
$H_{J}$ $G$ Cartan $T_{J}\simeq Z/2Z\cross SO(2)$
$W(G, H_{J})\simeq \mathfrak{S}_{2}$ nonsingular
8
Jacobi $M$ $Z/2Z\cross SL(2, R)$
(4) Compact Cartan $H_{cpt}$
$K\simeq U(2)$ Cartan Hcpt $G$ Cartan




$(\mathfrak{g}, K)$ - Vogan
$G$ Lie
regular $\gamma$ $\pi(\gamma)$ , Langlands
$\overline{\pi}(\gamma)$
3 $(\mathfrak{g}, K)$-
$\overline{\pi}(\gamma_{1})\sim\overline{\pi}(\gamma_{2})$ $\Leftrightarrow$ $\overline{\pi}(\gamma_{1})$ $\pi(\gamma_{2})$
$\{\overline{\pi}_{1}, \ldots,\overline{\pi}_{r}\}$ $(\mathfrak{g}, K)$ -
$\pi_{j}$
$\overline{\pi}_{i}$
$\pi_{j}=\sum_{i}m(\overline{\pi}_{i}, \pi_{j})\overline{\pi}_{i}, \overline{\pi}_{i}=\sum_{j}M(\pi_{j}, \overline{\pi}_{i})\pi_{j}$
$m(\overline{\pi}_{i}, \pi_{j}),$ $M(\pi_{j},\overline{\pi}_{i})$
$G$ Lie $\mathfrak{g}$ Lie $\mathfrak{g}^{\vee}$
4 (Vogan, [12]) $\{\overline{\pi}_{1}, . . . , \overline{\pi}_{r}\}$ $(\mathfrak{g}, K)$-
$\mathfrak{g}^{\vee}$ Lie Lie $G^{\vee}$
$(\mathfrak{g}^{\vee}, K^{\vee})$ - $\{\overline{\rho}_{1}, \ldots,\overline{\rho}_{r}\}$ $\epsilon_{ij}=\pm 1$
$M(\pi_{j}, \overline{\pi}_{i})=\epsilon_{ij}m(\overline{\rho}_{i}, \rho_{j})$ , $M(\rho_{j}, \overline{\rho}_{i})=\epsilon_{ij}m(\overline{\pi}_{i}, \pi_{j})$ , $(i, j=1, \ldots, r)$
$G=Sp(2, R)$ $(\mathfrak{g}, K)$ -
Atlas [1]
:
5 ([9, Definition 8.1.4]) $\Lambda$ nonsingular integral $H$
$G$ Cartan Regular $\gamma\in\hat{H}_{\Lambda}’$ $\ell(\gamma)$
$\ell(\gamma)=\frac{1}{2}\#\{\alpha\in\Delta^{+}(\mathfrak{g}, \mathfrak{h})|\theta\alpha\not\in\triangle^{+}(\mathfrak{g}, \mathfrak{h})\}+\frac{1}{2}\dim \mathfrak{a}-\frac{1}{2}\dim \mathfrak{a}_{f}.$





















$\lambda=(\lambda_{1}, \lambda_{2}),$ $(\lambda_{1}\geq\lambda_{2}, \lambda_{1}, \lambda_{2}\in Z)$
$K$- $|\lambda_{1}|,$ $|\lambda_{2}|\leq 3$
( )
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$Sp(2, R)$ $K$- shift
$P=MAN$ $G$
$\sigma$ $M$ $A$ 1 $v\in \mathfrak{a}^{*}$ $(\mathfrak{a}=$ Lie $(A)\otimes C)$
$v$ nonsingular integral $\rho=\frac{1}{2}$ tr $(ad_{a}|_{\mathfrak{n}})$
$P=MAN$ $\sigma\otimes e^{\nu+\rho}\otimes 1_{N}$
$G$ Harish-Chandra $I(\sigma, v)=Ind_{p}^{G}(\sigma\otimes e^{\nu+\rho})_{K-finite}$ socle
filtration Translation principle
$v\in W\rho$ ( $W$ $\mathfrak{g}$ Weyl ),
$K$- shift $(\tau, V_{\tau})$ $I(\sigma, v)$
$K$- $(\tau^{*}, V_{\mathcal{T}}^{*})$ $(\tau, V_{\tau})$ $I(\sigma, v)$
$K$-intertwining





$V_{\tau}\ni v\mapsto\langle\Phi(g), v\rangle\in I(\sigma, v)$ (1)
$\langle\Phi(g),$ $v\rangle$ $I(\sigma, v)$ $\tau$-isotypic
$V_{\tau}$ $I(\sigma, v)$ $Hom_{K}(\tau, I(\sigma, v))$
intertwining (1) $C_{\mathcal{T}^{*}}^{\infty}(K\backslash G/MAN;\sigma\otimes e^{\nu+\rho})$







$\nabla\Phi(g):=\sum_{i}L(X_{i})\Phi(g)\otimes X^{i}, (\Phi\in C_{\tau^{*}}^{\infty}(K\backslash G/MAN;\sigma\otimes e^{\nu+\rho})$
$L$
$K$ $\lambda$ $(\tau_{\lambda}, V_{\tau_{\lambda}})$ Cartan $\mathfrak{s}$
$K$ $K$ $(\tau_{\lambda}, V_{\tau_{\lambda}})$ $(Ad|,,\epsilon)$
$\triangle(\mathfrak{s}, t)$ Cartan $t$ $\mathfrak{s}$
1 $(G=Sp(2, R)$
), $(\tau_{\lambda}\otimes Ad|_{\epsilon}, V_{\tau_{\lambda}}\otimes \mathfrak{s})$ $\tau_{\lambda}\otimes$ Ad $|_{\mathfrak{s}} \simeq\sum_{\alpha\in\triangle(\mathfrak{s},t)}\tau_{\lambda+\alpha}$
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$(Ad|_{\mathfrak{s}},\mathfrak{s})$ $K$
$(\tau_{\lambda})^{*}\otimes$ Ad $|_{\epsilon} \simeq\sum_{\alpha\in\Delta(\epsilon,t)}(\tau_{\lambda+\alpha})^{*}$ $pr_{\alpha}$ : $(\tau_{\lambda})^{*}\otimes$ Ad $|_{s}arrow(\tau_{\lambda+\alpha})^{*}$
$\mathcal{P}_{\alpha}$ $:=pr_{\alpha}\circ\nabla$ : $Hom_{K}(\tau_{\lambda}, I(\sigma, v))\simeq C_{(\tau_{\lambda})^{*}}^{\infty}(K\backslash G/MAN;\sigma\otimes e^{\nu+\rho})$
$arrow C_{(\tau_{\lambda+\alpha})^{*}}^{\infty}(K\backslash G/MAN;\sigma\otimes e^{\nu+\rho})\simeq Hom_{K}(\tau_{\lambda+\alpha}, I(\sigma, v))$
$K$- shift $\mathfrak{g}$ $K$-
$\overline{\pi}$ $I(\sigma, \nu)$ $\Phi\in C_{()^{*}}^{\infty}\mathcal{T}_{\lambda}(K\backslash G/MAN;\sigma\otimes e^{\nu+\rho})$ -$\pi$ $K$-
$\tau_{\lambda}$ $K$- $\tau_{\lambda+\alpha}\subset\tau_{\lambda}\otimes$ Ad $|_{\epsilon}$
$\overline{\pi}’$ $K$- $\overline{\pi}$ $K$-







$6\overline{\pi}$ $I(\sigma, v)$ $\Phi\in C_{(\tau_{\lambda})^{*}}^{\infty}(K\backslash G/MAN;\sigma\otimes e^{\nu+\rho})$ $\overline{\pi}$
$K$-
$\tau_{\lambda}$ $\tau_{\lambda+\alpha}\subset\tau_{\lambda}\otimes$ Ad $|$ , 7 $K$-
$\mathcal{P}_{\alpha}\Phi=0$
7 (Yamashita) $\overline{\pi}$ $\tau_{\lambda}$ $K$-





6, 7 $I(\sigma, \nu)$ ( )
5 $Sp(2, R)$
$G=Sp(2, R)$
$Sp(2, R)$ split Cartan
$H=TA$,
$A:=\{diag(a_{1}, a_{2}, a_{1}^{-1}, a_{2}^{-1})|a_{1}, a_{2}>0\},$
$T:=\{$diag $(\epsilon_{1}, \epsilon_{2}, \epsilon_{1}, \epsilon_{2})|\epsilon_{k}\in\{\pm 1\}\}$
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$\sigma_{ij}(diag(\epsilon_{1}, \epsilon_{2}, \epsilon_{1}, \epsilon_{2}))=\epsilon_{1}^{i}\epsilon_{2}^{j}$
$\{\sigma_{00}, \sigma_{01}, \sigma_{10}, \sigma_{11}\}$ $M$
$\mathfrak{a}=\{diag(a, b, -a, -b)|a, b\in C\}$ $\nu=(\nu_{1}, \nu_{2})\in \mathfrak{a}^{*}$
$v(diag(a, b, -a, -b))=v_{1}a+v_{2}b$
$A$ 1
$I(w\cdot\sigma_{ij}, w(v_{1}, v_{2}))=Ind_{P}^{G}(w\cdot\sigma_{ij}, w(v_{1}, v_{2}))_{K-finite}$
$(w\in W(B_{2}), (v_{1}, v_{2})=\rho=(2,1))$ socle filtration
(1) $I(w . \sigma_{00}, w\rho)$ $PSO(3,2)$ “ 10”
(2) $I(w . \sigma_{11}, w\rho)$ $PSO(3,2)$ “ 11”
(3) $I(w . \sigma_{10}, w\rho)$ $PSO(4,1)$ ”4”






$v=(-2, -1)$ 6 7
$(2, 1)$ , $(1, -2)$ $(\sigma, v)$ $\nu$
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(1) $PSO(3,2)$ $(\sigma, \nu)=(\sigma_{00}, w\rho)$
(2) $PSO(3,2)$ $(\sigma, v)=(\sigma_{11}, w\rho)$
(3) $PSO(4,1)$ $(\sigma, v)=w(\sigma_{10,\rho})$
(4) $PSO(5)$ $(\sigma, v)=w(\sigma_{01}, \rho)$
7
$K$- shift socle filtration
7.1
$I(\sigma_{ij}, \nu)$ $I((\sigma_{ij})^{*}, -v)$
$I( \sigma_{ij}, \nu)\cross I((\sigma_{ij})^{*}, -v)arrow C, \langle fi, f_{2}\rangle=\int_{K}fi(k)f_{2}(k)dk,$





$\triangle(\mathfrak{g}, \mathfrak{a})$ $N$ $\Delta^{+}(\mathfrak{g}, \mathfrak{a})$
$W(G, A)$ (Weyl ) $w^{o}$ $w^{o}=r_{1}\cdots r_{k}$
reduced expression $w_{l}$ $:=r_{1}$ . . . $r_{l}$ for $l=1,$ $\ldots,$ $k$
$0$ intertwining
$Ind_{P}^{G}(\sigma_{ij}, \rho)arrow Ind_{w_{1}P(w_{1})^{-1}}^{G}(\sigma_{ij}, \rho)arrow\ldots$
$arrow Ind_{w_{\iota}P(w_{l})^{-1}}^{G}(\sigma_{ij}, \rho)arrow\cdotsarrow Ind_{w^{o}P(w^{o})^{-1}}^{G}(\sigma_{ij}, \rho)$
$P$





$I(\sigma_{ij}, (2,1))arrow I(\sigma_{ji}, (1,2))arrow I(\sigma_{ji}, (1, -2))$
$arrow I(\sigma_{ij}(-2,1))arrow I(\sigma_{ij}, (-2, -1))$
$I(\sigma_{i_{J}’}, (2,1))arrow I(\sigma_{ij}, (2, -1))arrow I(\sigma_{ji}, (-1,2))$




(1) $I(\sigma_{00}, (1,2))$ $I(\sigma_{00}, (1, -2))$ socle socle
1 $0$ inter-
twinig $I(\sigma_{00}, (1,2))$ $I(\sigma 00, (1, -2))$
(2) $I(\sigma_{00}, (2,1))$ socle $\overline{0}\oplus$
$I(\sigma_{00}, (2, -1))$ socle $\overline{0}\oplus$ $\overline{0}\oplus\overline{1}\oplus\overline{7}$
intertwining $I(\sigma_{00}, (2,1))arrow$
$I(\sigma_{00}, (2, -1))$ $I(\sigma_{00}, (2, -1))$ socle -0 $\oplus$ -1
socle intertwining
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$I(\sigma_{00}, (2,1))\simeq I(\sigma_{00}, (2, -1))$
$I(\sigma_{00}, (2, -1))$ socle $0\oplus\overline{1}\oplus 7$
7.3
$G=Sp(2, R)$
8 (Vogan, Borel-Wallach, [3]) $G$ Lie
$G$ Aut $G$ $\mu$
:
(i) $\mu(K)=K,$
(ii) admissible $(\mathfrak{g}, K)$- $(\pi, V)$ $\pi$ $\mu$
$(\pi^{\mu}, V^{\mu})$ $:=(\pi 0\mu^{-1}, V)$ $(\pi^{*}, V^{*})$
$G=Sp(2, R)$
$\mu$ $\mu(g)=(I_{2} -I_{2})g(I_{2} -I_{2})$ $\mu$ $\mu|_{MA}=$ id,
$\mu(N)=N$ $\mu$ $I(\sigma, v)^{\mu}\simeq I(\sigma, \nu)$
$I(\sigma, v)$
$I(\sigma, v)^{\mu}$ $I(\sigma, \nu)$ $\pi$
$I(\sigma, v)$ socle filtration $k$- $\pi^{*}\simeq\pi^{\mu}$ $k$-
:
(1) $PSO(3,2)$
: $\overline{0}rightarrow\overline{1},$ $\overline{2}rightarrow\overline{3},$ $\overline{4}rightarrow\overline{5}$ , $\overline{8}rightarrow\overline{9}$ . : $\overline{6}$ , $\overline{7}$ , $\overline{10},$
$\overline{11}.$
(2) $PSO(4,1)$
: $\overline{0}rightarrow\overline{1},$ $\overline{2}rightarrow\overline{3}$ . : $\overline{4}.$
7.4
5 regular $\ell(\gamma)$ Kazhdan-
Lusztig-Vogan
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9(Vogan, [9]) admissible $(\mathfrak{g}, K)$ - $\overline{\pi}(\gamma_{1}),$ $\overline{\pi}(\gamma_{2})$
$Ext_{\mathfrak{g},K}^{1}(\overline{\pi}(\gamma_{1}), \overline{\pi}(\gamma_{2}))\neq 0 \Rightarrow \ell(\gamma_{1})\not\equiv l(\gamma_{2}) mod 2$
socle
10 $I(\sigma, v)$ socle filtration k- $\overline{\pi}(\gamma_{1})\oplus\cdots\oplus\overline{\pi}(\gamma_{r})$ $\overline{\pi}(\gamma’)$




10 $I(\sigma, v)$ socle filtration (
8
11 $Sp(2, R)$ socle filtration
1 $(\sigma, v)$ 2 $I(\sigma, v)$ socle filtration
2 socle, 2
socle socle, and so on
$I(\sigma, v)$ $I(\sigma, -v)$ socle filtration
(1) $I(\sigma, v),$ $(\sigma, \nu)=w(\sigma_{00}, (2,1)),$ $w\in W(B_{2})$ , socle filtration
$PSO(3,2)$
(2) $I(\sigma, v),$ $(\sigma, v)=w(\sigma_{11}, (2,1)),$ $w\in W(B_{2})$ , socle filtration
$PSO(3,2)$
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(3) $I(\sigma, v),$ $(\sigma, \nu)=w(\sigma_{10}, (2,1)),$ $w\in W(B_{2})$ , socle filtration
$PSO(4,1)$
(4) $I(\sigma, v),$ $(\sigma, \nu)=w(\sigma_{01}, (2,1)),$ $w\in W(B_{2})$ ,
(a) $(\sigma, v)=(\sigma_{00}, (2, -1))$
\S 7.2(2) $I(\sigma_{00}, (2, -1))$ socle -0 $\oplus$ -1 $\oplus$
(1) $(-2,1)$ $I(\sigma_{00}, (2, -1))$
$I(\sigma_{00}, (-2,1))$ $\overline{8}$ , $\overline{9}$
socle filtration
$I(\sigma_{00}, (-2,1))$ $0$ socle $\overline{8}\oplus\overline{9}$
Kazhdan-Lusztig-Vogan $I(\sigma_{00}, (2, -1))$
$\overline{0},$ $\overline{1},$ $\overline{4},$ $\overline{5},6$ (2 ), 7,8,9,10 $\overline{0},$ $\overline{1},$ $\overline{7},$
$\overline{8}$ , $\overline{9}$ 4, $\overline{5}$ , 6(2 ), $\overline{10}$
$I(\sigma_{00}, (2, -1))$ $I(\sigma_{00}, (-2,1))$
$\overline{4}$ , $\overline{5}$ , $\overline{6}$ (2 ), $\overline{10}$ 2
$\overline{8}\oplus\ovalbox{\tt\small REJECT}$
$I(\sigma 00, (2, -1))\simeq\overline{4}\oplus\overline{5}\oplus\overline{6}\oplus\overline{6}\oplus\overline{10}$
$\overline{0}\oplus\overline{1}\oplus\overline{7}$
(b) $(\sigma, \nu)=(\sigma_{00}, (2,1))$






$\overline{7}$ , $\overline{8}$, $\overline{9}$ $\overline{4}$ , $\overline{5}$ , 6(2 )
(a) socle filtration
$K$- $K$- shift
$\overline{8}$ , $\overline{9}$ 1 $K$-
$K$- “ $\Phi$” 7 $K$-
$(1, -1)$ $M$ $\sigma_{00}$ 1
$K$- $(1, -1)$ ” $\Phi$”
$\Phi$ shift $\overline{4},$ $\overline{5},$ $\overline{6}$ $K$-
modulo $\overline{0},$ $\overline{1}$ $\overline{7},$ $\overline{8},$ $\overline{9}$
socle filtration $\overline{4},$ $\overline{5},$ $\overline{6}$ (2 )
$I(\sigma_{00}, (2,1))$ socle filtration
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